MOTION OF A SPHERE IN FLUID CAUSED BY VIBRATIONS
OF ANOTHER SPHERE
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The following problem is considered inthis work. There are two hard spheres immersed
in an ideal, incompressible fluid, unbounded from outside. Initially, the fluid and the
spheres are at rest with regard to an inertial system of orthogonal coordinates %, y, z.
Subsequently, one of the spheres executes given periodical vibrations and its center moves
along the y-axis. The center of the other sphere, identical with its center of mass, is
located in the plane z = 0 that contains the y-axis and the point where its center was
located at the initial time. Only the fluid pressure forces act on the second sphere (the
z-component of the total force acting on the second sphere is equal to zero). The fluid
flow is potential. The problem is to determine the motion of the second sphere. Under
the assumption that the initial distance between the centers of the spheres is large com-
pared to their radii and to the largest displacement of the center of the first sphere from
its initial position, it is shown that the second sphere moves away from the first sphere
when the average density of the second sphere is smaller than the fluid demnsity, and moves
toward the first sphere when its average density is larger than the fluid density.

Let t denote time; T is the period of vibrations of the center of the first sphere;
H = (0, H, 0) is the position vector of the center of the first sphere;

H=A4,+ Z (Amcos 2mﬂ§.t— + B, sin 2mn ?t_)

m=1

(Ao, Ay, Bpare constant); R = (X, Y, 0) is the position vector of the center of the
second sphere; X,, Y, are the values of X, Y for t = 0; ¢ is the potential of the flow
velocity of the fluid; m;, m, are the masses of the spheres; S;, S, are their surfaces;
n is the external unit normal to the surface; and pgy is the fluid density.

The coordinates X, Y, and the potential & satisfy the following equations and condi-
tions
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is the sum of kinetic energies of the spheres and the fluid (Q is the region occupied by
the fluid). The coordinate H satisfies the conditions
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H=0,H=0a t=0. (9)
qs. (1), (2) are the Lagrange equations [1-3], also called the Thomson—Tait equations [3].

It is now assumed that the initial distance L, between the centers of the spheres is
large compared to their radii a,, a, and the largest value of |H|. The number of o = a;/L
is emploved as a small parameter.

The problem of potential flow of an ideal, incompressible fluid, caused by a given
motion of two hard spheres immersed in it is discussed in [4]. Employing the method of
calculation of the flow velocity potential introduced in [4], we find the solution of the
problem (4), (7) satisfying the conditions (5), (6) that is accurate in the quantities

proportional to H, X, Y and small compared to a’H, a’X, a’Y, respectively. Using this
solution of the problem (4)-(7) and Eq. (8) we obtain an approximate expression for E
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where h = H/a;, R = vX® + Y?, pgpp = m,/V is the average density of the second sphere.
Substituting expression (10) for E into (1), (2) we find the following approximate equations
for X, Y:
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Now we apply the method of averaging [5, 6]. Let n, £ be variables related to X, Y
by the equations
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According to (8), (9), (12), (13) n, &, x, ¥ satisfy the conditions

M=y E=GLp x=09=0 a g=0, (14)

where n, = X,/Lo; & = Yo/L,. Using (12), (13) we bring (11) to the system of equations
for n, £, X, ¥ in normal form. Expanding the right-hand sides of these equations in powers
of o and keeping only the largest terms of the expansion, we obtain the following system of
equations in the standard form

dnldy = aty, dildt = a*p; (15)
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where 0 = V/n2 + £2. Ve carry out the average of (15) over the dimensionless time 1T ex-
plicitly entering the formula. As a result we obtain

dyldt = aty, di/dt = oy, (16)
dy/dv = —otuMin(n? + 5E%)/6%9,
dp/dt = —4a*urkE3/ o,
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In accordance with (14), (16) we have

d/dv® = —afurkn(n® - 5E%)/cl0, (17)

d?E/d7? = —4obudkER/ol0;
=" E=5p dy/dt =0, dE/dv =0 at 7 =0. (18)

It follows from (17), (18) that
n="g E=25 for % =0 (19)

Let k # 0. When n, =0, £, = +1 and n, = +1, &, = 0 the solution of the problem (17),
(18) is determined by the equations

n =0, (20)
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where s = a“w/IKI)\kT.

For values of s small compared with unity we find the following approximate solutions
of the problem (17), (18):
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Figures 1-3 show diagrams of the dependence of n, £, o on s, obtained by means of numeri-
cal solution of the problems (17), (18). The curves 1-5 correspond to % <0, 1, = cos(rm/12),
gy = sin(nn/12) (n=1, 2,..., 5),and the curves 6-10 correspond to « > 0, n, = cos(nn/12), &, =
sin(nn/12) (n =1, 2, ..., 5). According to (17), (18) the change of signs of ny,f, leads
to the change of signs of n, £. Therefore the problem (17), (18) was solved numerically

(22)
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Using (22) we obtain an approximate expression for ¢
o=1—+ 2 (15338 (23)
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only for positive signs of ny, £,. We note that the approximate solution (22) agrees with
(20), (21) and with the results of numerical solution of (17), (18) when s N 0.3.

Using (12) we obtain the following approximate expressions for X, Y and the distance
L between the centers of the spheres

X = L, Y = L,¢; (24)
L = L. (25)

The data shown in Figs. 1, 2 and Eqs. (195)-(22), (24) approximately determine the dependence
of X and Y on t. According to Egs. (20), (21), (23), (25) and to the data shown in Fig. 3,
when ¥ < 0 L increases, and for ¥ > 0 L decreases with increasing t. Thus the second sphere
moves away from the first one when Psph < Pfs and moves toward it when Psph > Pfl-
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